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OutlineOutline

► Fourier Transform

► Filtering in Fourier Transform Domain
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Fourier Series and Fourier Transform: HistoryFourier Series and Fourier Transform: History

► Jean Baptiste Joseph Fourier, French mathematician and physicist 

(03/21/1768-05/16/1830)  http://en.wikipedia.org/wiki/Joseph_Fourier

Orphaned: at nine

Egyptian expedition 
with Napoleon I: 
1798
Governor of Lower 
Egypt

Permanent 
Secretary of the 
French Academy of 
Sciences: 1822

Théorie analytique
de la chaleur : 
1822

(The Analytic 
Theory of Heat)
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Fourier Series and Fourier Transform: HistoryFourier Series and Fourier Transform: History

► Fourier Series

Any periodic function can be expressed as the sum of sines
and /or cosines of different frequencies, each multiplied by 
a different coefficients

► Fourier Transform

Any function that is not periodic can be expressed as the 
integral of  sines and /or cosines multiplied by a weighing 
function
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Fourier Series: ExampleFourier Series: Example
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Preliminary ConceptsPreliminary Concepts
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Fourier Tr. and Frequency Domain Fourier Tr. and Frequency Domain 
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Fourier Transform: One Continuous VariableFourier Transform: One Continuous Variable

2
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Fourier Transform: One Continuous VariableFourier Transform: One Continuous Variable
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Fourier Tr. and Frequency Domain (cont.) Fourier Tr. and Frequency Domain (cont.) 

1-D, Discrete case
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Relation Between Relation Between ∆∆x and x and ∆∆u u 

For a signal f(x) with M points, let spatial resolution ∆x be space 

between samples in f(x) and let frequency resolution ∆u be space 

between frequencies components in F(u), we have

xM
u

∆
=∆

1

Example: for a signal f(x) with sampling period 0.5 sec, 100 point, 

we will get frequency resolution equal to

  Hz02.0
5.0100

1
=

×
=∆u

This means that in F(u) we can distinguish 2 frequencies that are 

apart by 0.02 Hertz or more.
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2-D Discrete Fourier Transform and Its 
Inverse
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Properties of the 2-D DFT
Fourier Spectrum and Phase Angle 

( , )
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2-D DFT in polar form
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Properties of the 2-D DFT
relationships between spatial and frequency intervals

Let  and  denote the separations between samples,

then the seperations between the corresponding discrete,

frequency domain variables are given by
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Summary
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Summary
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Summary



10/28/2010 Lecture # 7 18

Summary
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How to Perform 2-D DFT by Using 1-D DFT

f(x,y)

1-D 

DFT

by row F(u,y)

1-D DFT

by column

F(u,v)
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f(x,y)

1-D 

DFT

by rowF(x,v)

1-D DFT

by column

F(u,v)

Alternative method

How to Perform 2-D DFT by Using 1-D DFT
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Conventional Display for 2-D DFT

High frequency area

Low frequency area

F(u,v) has low frequency areas

at corners of the image while high

frequency areas are at the center

of the image which is inconvenient

to interpret.
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2-D FFT Shift : Better Display of 2-D DFT

2D FFTSHIFT

2-D FFT Shift is a MATLAB function:  Shift the zero frequency 

of F(u,v) to the center of an image.

High frequency area Low frequency area
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Shifting the Origin to the Center
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Example of 2Example of 2--D D DFT

Notice that the longer the time domain signal,

The shorter its Fourier transform
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Example of 2Example of 2--D D DFT
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Basic Concept of Filtering in the Frequency Domain

From Fourier Transform Property:

),(),(),(),(),(),( vuGvuHvuFyxhyxfyxg =⋅⇔∗=

We cam perform filtering process by using 

Multiplication in the frequency domain

is easier than convolution in the spatial

Domain.
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Filtering in the Frequency Domain with FFT shift

f(x,y)

2D FFT

Center the image origin

F(u,v)

Reset Transform

2D IFFT

X

H(u,v)

(User defined)

G(u,v)

g(x,y)

In this case, F(u,v) and H(u,v) must have the same size and

have the zero frequency at the center.
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The Basic Filtering in the Frequency Domain

► In a filter H(u,v) that is 0 at the center of the transform 
and 1 elsewhere, what’s the output image?
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The Basic Filtering in the Frequency Domain
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Zero-Phase-Shift Filters

1( , ) { ( , ) ( , )}g x y H u v F u v
−= ℑ

( , ) ( , ) ( , )F u v R u v jI u v= +

[ ]1( , ) ( , ) ( , ) ( , ) ( , )g x y H u v R u v jH u v I u v
−= ℑ +

Filters affect the real and imaginary parts equally,

and thus no effect on the phase. 

These filters are called zero-phase-shift filters



10/28/2010 Lecture # 7 31

Examples: Nonzero-Phase-Shift Filters

Even small changes in the phase angle can have 
dramatic (usually undesirable) effects on the filtered 
output

Phase angle is 
multiplied by 

0.5

Phase angle is 
multiplied by 

0.25
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2-D Convolution Theorem 

1

0

1-D convolution 
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Fourier Transform and ConvolutionFourier Transform and Convolution

( )   ( ) ( ) ( )f t h t H Fµ µ⇔

( ) ( ) ( )   ( )f t h t H Fµ µ⇔

Fourier Transform Pairs
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Correspondence Between Filtering in the 
Spatial and Frequency Domains (1)

2 2- /2

Let H(u) denote the 1-D frequency domain Gaussian filter

                               ( ) u
H u Ae

σ=

2 2 22

The corresponding filter in the spatial domain 

                    ( ) 2 xh x Ae π σπσ −=

1. Both components are Gaussian and real

2. The functions behave reciprocally
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Correspondence Between Filtering in the 
Spatial and Frequency Domains (2)

2 22 2
1 2/2 /2- -

1 2

Let ( ) denote the difference of Gaussian filter

                  ( )

                   with  and 

u u

H u

H u Ae Be

A B

σ σ

σ σ

= −

≥ ≥

2 2 2 2 2 2
1 22 2

1 2

The corresponding filter in the spatial domain 

     ( ) 2 2
x x

h x Ae Ae
π σ π σπσ πσ− −= −

High-pass filter or low-pass filter ?
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Correspondence Between Filtering in the 
Spatial and Frequency Domains (3)
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Correspondence Between Filtering in the 
Spatial and Frequency Domains: Example

600x600
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Correspondence Between Filtering in the 
Spatial and Frequency Domains: Example
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0

0

Ideal Lowpass Filters (ILPF)

1    if ( , )
          ( , )

0    if ( , )

D u v D
H u v

D u v D

≤
= 

>

Image Smoothing Using Filter Domain Filters: 
ILPF

0

1/2
2 2

 is a positive constant and ( , ) is the distance between a point ( , ) 

 in the frequency domain and the center of the frequency rectangle
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Ideal Lowpass Filter





>

≤
=

0

0

),(                 0

),(                 1
),(

DvuD

DvuD
vuH

where D(u,v) = Distance from (u,v) to the center of the mask.

Ideal LPF Filter Transfer function
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Examples of Ideal Lowpass Filters

The smaller D
0
, the more high frequency components are removed.
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Results of Ideal Lowpass Filters 

Ringing effect can be 

obviously seen!
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How ringing effect happens 

Ideal Lowpass Filter

with D0 = 5

-20

0

20

-20

0

20

0

0.2

0.4

0.6

0.8

1

Surface Plot

Abrupt change in the amplitude 





>

≤
=

0

0

),(                 0

),(                 1
),(

DvuD

DvuD
vuH



10/28/2010 Lecture # 7 44

How ringing effect happens (cont.) 

-20

0

20

-20

0

20

0

5

10

15

x 10
-3

Spatial Response of Ideal 

Lowpass Filter with D0 = 5

Surface Plot

Ripples that cause ringing effect
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How ringing effect happens (cont.) 
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Butterworth Lowpass Filter 

[ ] N
DvuD

vuH
2

0/),(1

1
),(

+
=

Transfer function

Where D0 = Cut off frequency, N = filter order.
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Results of Butterworth Lowpass Filters 

There is less ringing 

effect compared to 

those of ideal lowpass

filters!



10/28/2010 Lecture # 7 48

Spatial Masks of the Butterworth Lowpass Filters 

Some ripples can be seen.
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Gaussian Lowpass Filter 

2
0

2 2/),(
),(

DvuD
evuH

−=

Transfer function

Where D0 = spread factor.

Note: the Gaussian filter is the only filter that has no ripple and 

hence no ringing effect.
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Gaussian Lowpass Filter (cont.) 
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Results of Gaussian Lowpass Filters 

No ringing effect!
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Application of Gaussian Lowpass Filters

The GLPF can be used to remove jagged edges 

and “repair” broken characters.

Better LookingOriginal image



10/28/2010 Lecture # 7 53

Application of Gaussian Lowpass Filters (cont.) 

Remove wrinkles

Softer-Looking

Original image


